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Abstract
This paper gives a solution to the Diophantine Frobenius problem for pseudo-symmetric numerical
semigroups with embedding dimension three. We also describe a presentation for this kind of semi-
group and a formula to determine whether or not a numerical semigroup with embedding dimension
three is pseudo-symmetric.
 2005 Published by Elsevier Inc.
1. Introduction
A numerical semigroup is a subset S of N that is closed under addition, 0 ∈ S and
generates Z as a group (here Z and N denote the set of integers and nonnegative integers,
respectively). Given A a subset of N, denote by
〈A〉 =
{
k∑
i=1
xiai
∣∣∣∣ a1, . . . , ak ∈ A, x1, . . . , xk ∈ N
}
.
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(where gcd stands for greatest common divisor). If S is a numerical semigroup and A is
such that S = 〈A〉, then we say that A is a system of generators of S. If in addition no proper
subset of A is a system of generators of S, then A is a minimal system of generators of S. It
is well known (see, for instance, [9]) that every numerical semigroup has a unique minimal
system of generators {n1, . . . , ne} and that N \ S has finitely many elements. Usually e is
called the embedding dimension of S and the greatest integer in Z \ S is the Frobenius
number of S, denoted in this paper by g(S). The problem of determining g(S) in terms of
n1, . . . , ne is known as the Diophantine Frobenius problem. This question has been widely
studied in the literature, and so far there is no general solution for e  3 ([5] gives a good
review of the actual state of art of this problem).
A numerical semigroup S is pseudo-symmetric if g(S) is even and the only integer such
that x ∈ Z\S and g(S)−x /∈ S is x = g(S)/2 (the name comes from the existing similarity
with the concept of symmetric numerical semigroups: S is symmetric if for every x ∈ Z\S,
the integer g(S) − x belongs to S). These semigroups have been studied in numerous pa-
pers. Along this line, in [2,3] it is shown that a numerical semigroup S is pseudo-symmetric
if and only if g(S) is even and S is maximal (with respect to set inclusion) in the set of
all numerical semigroups with Frobenius number g(S). In [8] it is proven that the concepts
of pseudo-symmetric semigroup and irreducible semigroup with even Frobenius number
coincide. This kind of numerical semigroup is also of interest in ring theory, since they cor-
respond with those numerical semigroups whose associated semigroup ring is Kunz (see,
for instance, [2]).
Let S be a numerical semigroup with minimal system of generators {n1, n2, n3}. The
main goal of this paper is to prove Theorem 15, which provides us with an easy and
straightforward way to determine (exclusively in terms of n1, n2 and n3) whether or not S
is pseudo-symmetric, and if S is pseudo-symmetric, it states that
g(S) = −(n1 + n2 + n3) +
√
(n1 + n2 + n3)2 − 4(n1n2 + n1n3 + n2n3 − n1n2n3).
Theorem 15 together with Lemma 8 describe a presentation for a pseudo-symmetric nu-
merical semigroup. The proof of Theorem 15 relies on Corollary 12 and Theorem 14. These
two results allows us to assert that S is a numerical semigroup with embedding dimension
three if and only if S is minimally generated by
{
c(b − 1) + 1, (c − 1)a + 1, b(a − 1) + 1}
for some a, b, c ∈ N \ {0,1} with gcd({c(b − 1) + 1, (c − 1)a + 1}) = 1.
2. Characterization and the Frobenius number
Given a numerical semigroup S and n ∈ S \ {0}. The Apéry set of n in S (see [1]) is
defined byAp(S,n) = {x ∈ S | x − n /∈ S}.
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for every i ∈ {0, . . . , n−1} the set Ap(S,n) contains one element which is congruent with i
modulo n, which is precisely the least element in S fulfilling this condition. Moreover, from
the definition of g(S), it follows easily that max(Ap(S,n)) = g(S) + n.
The following result can be found in [8].
Lemma 1. Let S be a numerical semigroup with g(S) even and let n ∈ S \ {0}. Then S is
pseudo-symmetric if and only if
Ap(S,n) = {0 = w(1) < w(2) < · · · < w(n − 1) = g(S) + n}∪ {g(S)
2
+ n
}
and for all i ∈ {1, . . . , n − 1}, w(i) + w(n − i) = w(n − 1).
If S is a numerical semigroup, we can define the following order relation on S: for a, b ∈
S, a S b if b − a ∈ S. Given n ∈ S \ {0}, from the definition of Ap(S,n) we can deduce
that if a, b ∈ S are such that a ∈ Ap(S,n) and b S a, then b also belongs to Ap(S,n)
(and if a /∈ Ap(S,n) and a S b, then b /∈ Ap(S,n)). Thus in some way Ap(S,n) is fully
determined by the set maxS (Ap(S,n)). In [8] one can find the following characterization
of pseudo-symmetric numerical semigroups (which is just a reformulation of a well-known
characterization that can be found, for instance, in [2]).
Lemma 2. Let S be a numerical semigroup with g(S) even and let n ∈ S \ {0}. Then S is
pseudo-symmetric if and only if maxS (Ap(S,n)) = {g(S)/2 + n,g(S) + n}.
In the sequel, and unless otherwise specified, S is the numerical semigroup minimally
generated by {n1, n2, n3}. For every i ∈ {1,2,3}, set
ci = min
{
x ∈ N \ {0} ∣∣ xni ∈ 〈{n1, n2, n3} \ {ni}〉}.
These constants play a fundamental role in the study of numerical semigroups generated
by three elements.
Lemma 3. If ani = bnj + nk with {ni, nj , nk} = {n1, n2, n3}, a, b ∈ N and b < cj , then
a = ci .
Proof. Let q, r ∈ N be such that a = qci + r with 0  r < ci . From the definition of ci ,
there exists λ,µ ∈ N such that cini = λnj + µnk . As ani = bnj + nk , we deduce that
qλnj + qµnk + rni = bnj + nk . If µ = 0, then qλnj + rni = bnj + nk . By assumption
{n1, n2, n3} is the minimal system of generators of S, which implies that b > qλ. Hence
rni = (b − qλ)nj + nk , and as r < ci , this contradicts the definition of ci . Thus µ = 0. If
q = 0, then we get the same contradiction. Hence qµ > 0 and bnj = qλnj + (qµ−1)nk +
rni , which leads to b  qλ and (b − qλ)nj = (qµ − 1)nk + rni . By hypothesis b < cj ,
and consequently b − qλ = 0. This implies that r = 0 and qµ = 1. This yields µ = q = 1.
We conclude that a = ci . 
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is symmetric, and thus it is not pseudo-symmetric. Moreover, S is a complete intersection
if and only if cini = cjnj for some i = j .
The following characterization of symmetric numerical semigroups can be found in [7].
Lemma 4. Let n ∈ S \ {0}. Assume that Ap(S,n) = {w(1) < · · · < w(n)}. Then S is sym-
metric if and only if for all i ∈ {1, . . . , n}, w(i) + w(n − i + 1) = w(n).
Note that fixed n ∈ S \ {0}, S is symmetric if and only if for every i ∈ {1, . . . , n}, there
exists j ∈ {1, . . . , n} such that w(i) + w(j) = w(n). Recall that w(n) = g(S) + n.
Lemma 5. If g(S) + n1 = (c2 − 1)n2 + (c3 − 1)n3, then S is symmetric.
Proof. Assume that c2n2 ∈ Ap(S,n1). Then c2n2 = an3 for some a ∈ N. By the way
c3 is defined, a  c3. As c3n3 S an3, we have that c3n3 ∈ Ap(S,n1), and arguing as
above we can deduce that c2n2 = c3n3. This implies that S is a complete intersection
and thus it is symmetric. Therefore we can assume that neither c2n2 nor c3n3 belong to
Ap(S,n1). By using this fact, if w(i) = an2 + bn3 ∈ Ap(S,n1) with a, b ∈ N, then a < c2
and b < c3. By hypothesis g(S) + n1 = (c2 − 1)n2 + (c3 − 1)n3 and as (c2 − 1 − a)n2 +
(c1 − 1 − b)n3 S g(S) + n1 ∈ Ap(S,n1), we conclude that w(j) = (c2 − 1 − a)n2 +
(c1 − 1 − b)n3 ∈ Ap(S,n1). Clearly w(i) + w(j) = g(S) + n1. This proves that S is sym-
metric. 
Recall that S is pseudo-symmetric if and only if the only x ∈ Z\S such that g(S)−x /∈ S
is x = g(S)/2. We use this idea to prove the following result.
Lemma 6. If S is pseudo-symmetric, then g(S)/2 + n1 ∈ {(c2 − 1)n2, (c3 − 1)n3}.
Proof. Since S is pseudo-symmetric, arguing as in Lemma 5, we have that neither c2n2
nor c3n3 belong to Ap(S,n1). Assume that (c3 − 1)n3 = g(S)/2 + n1. We prove that
g(S)/2 + n1 = (c2 − 1)n2. We use the above characterization of pseudo-symmetry. From
the definition of c2, it follows that (c2 − 1)n2 − n1 /∈ S. If g(S) − ((c2 − 1)n2 − n1) =
g(S) + n1 − (c2 − 1)n2 ∈ S, then as c2n2, c3n3 /∈ Ap(S,n1) and g(S) + n1 ∈ Ap(S,n1),
we have that g(S) + n1 = (c2 − 1)n2 + bn3 with b < c3. By using now the definition
of c3, we have that (c3 − 1)n3 ∈ Ap(S,n1) and since (c3 − 1)n3 = g(S)/2 + n1, Lemma 1
asserts that g(S) + n1 − (c3 − 1)n3 ∈ S. Arguing as above, there exists a ∈ N such that
g(S) + n1 = (c3 − 1)n3 + an2 with a < c2. Hence an2 + (c3 − 1)n3 = (c2 − 1)n2 + bn3,
a  c2 − 1 and b  c3 − 1. By using again the definitions of c2 and c3, we deduce that
a = c2 − 1 and b = c3 − 1. Therefore, g(S) + n1 = (c2 − 1)n2 + (c3 − 1)n3, which in
view of Lemma 5, contradicts the fact that S is pseudo-symmetric. This proofs that g(S)−
((c2 − 1)n2 − n1) /∈ S, and as (c2 − 1)n2 − n1 /∈ S, we conclude that (c2 − 1)n2 − n1 =
g(S)/2. 
Lemma 7. If S is pseudo-symmetric and g(S)/2 + n1 = (c2 − 1)n2, then{ ∣ } { }Ap(S,n1) = an2 + bn3 ∣ 0 a  c2 − 2, 0 b c3 − 1 ∪ (c2 − 1)n2 .
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an2 +bn3 ∈ Ap(S,n1)\{g(S)/2+n1}, then a  c2 −2 and b c3 −1. In other to conclude
the proof, it suffices to show that g(S) + n1 = (c2 − 2)n2 + (c3 − 1)n3. As (c2 − 2)n2,
(c3 − 1)n3 ∈ Ap(S,n1) \ {g(S)/2 + n1}, by Lemmas 1 and 2, we obtain that g(S) + n1 =
(c3 − 1)n3 + an2 = (c2 − 2)n2 + bn3 for some a, b ∈ N with a  c2 − 2 and b  c3 − 1.
From the equality (c3 − 1)n3 + an2 = (c2 − 2)n2 + bn3, we deduce that a = c2 − 2 and
b = c3 − 1. 
Lemma 8. If S is pseudo-symmetric and g(S)/2 + n1 = (c2 − 1)n2, then
(1) c1n1 = (c2 − 1)n2 + n3,
(2) c2n2 = (c3 − 1)n3 + n1,
(3) c3n3 = (c1 − 1)n1 + n2.
Proof. By Lemma 2, we have that (c2 − 1)n2 ∈ maxS (Ap(S,n1)). Hence (c1 − 1)n2 +
n3 /∈ Ap(S,n1). Thus there exists a, b, c ∈ N with a = 0 such that (c2 − 1)n2 + n3 =
an1 + bn2 + cn3. Since by Lemma 7, (c2 − 2)n2 + n3 ∈ Ap(S,n1), we obtain that c = 0
and b = 0. Therefore an1 = (c2 − 1)n2 + n3. By using Lemma 3, we deduce that a = c1.
This proves (1).
As g(S)/2 + n3 = g(S)/2 + n1 = (c2 − 1)n2, in view of Lemma 6, we obtain that
g(S)/2+n3 = (c1 −1)n1. Reasoning as above, we can deduce that c3n3 = (c1 −1)n1 +n2.
Finally, g(S)/2 + n2 = (c3 − 1)n3 and c2n2 = (c3 − 1)n3 + n1. 
Let ϕ :N3 → S be the map defined by ϕ(a, b, c) = an1 + bn2 + cn3. Then S is iso-
morphic to N3/σ , where σ is the kernel congruence of ϕ, that is, for x, y ∈ N3, xσy if
ϕ(x) = ϕ(y). A system of generators of σ (as a congruence) is said to be a presentation
of S. In [6] it is shown that every congruence on Np with p a nonnegative integer is finitely
generated. Moreover, next result explains how the whole congruence can be constructed
from one of its systems of generators.
Proposition 9. Let η be a subset of Np × Np . Define
η0 = η ∪
{
(b, a)
∣∣ (a, b) ∈ η}∪ {(a, a) ∣∣ a ∈ Np},
η1 =
{
(v + u,w + u) ∣∣ (v,w) ∈ η0, u ∈ Np}.
Then the congruence generated by η is the set of pairs (v,w) ∈ Np × Np such that there
exist k ∈ N and v1, . . . , vk ∈ Np with v1 = v, vk = w and (vi, vi+1) ∈ η1 for all 1  i 
k − 1.
As cini ∈ 〈{ni, nj , nk} \ {ni}〉 for every {i, j, k} = {1,2,3}, there exists rij ∈ N such that
• c1n1 = r12n2 + r13n3,
• c2n2 = r21n1 + r23n3,
• c3n3 = r31n1 + r32n2.
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following relations:
{(
(c1,0,0), (0, r12, r13)
)
,
(
(0, c2,0), (r21,0, r23)
)
,
(
(0,0, c3), (r31, r32,0)
)}
.
Moreover, if rij > 0 for all i, j , then S is not a complete intersection (and the converse is
also true).
An element s ∈ S is of unique expression if ϕ−1(s) contains just one element (note that
ϕ−1(s) contains all the coefficients of the expressions of s in terms of n1, n2 and n3).
Theorem 10. Let S be a numerical semigroup with embedding dimension three. Then S is
pseudo-symmetric if and only if for some rearrangement of its generators {n1, n2, n3} we
have that c1n1 = (c2 − 1)n2 + n3, c2n2 = (c3 − 1)n3 + n1 and c3n3 = (c1 − 1)n1 + n2.
Proof. Necessity. This is a consequence of Lemmas 6 and 8.
Sufficiency. In view of the remarks prior to this theorem,
ρ = {((c1,0,0), (0, c2 − 1,1)), ((0, c2,0), (1,0, c3 − 1)), ((0,0, c3), (c1 − 1,1,0))}
is a presentation for S. By using Proposition 9, we deduce that the element (c3 − 1)n3 +
(c2 −2)n2 is of unique expression. This in particular implies that (c3 −1)n3 + (c2 −2)n2 ∈
Ap(S,n1). By using the same argument, (c2 − 1)n2 also belongs to Ap(S,n1). Ob-
serve also that (c2 − 1)n2 + n2 = (c3 − 1)n3 + n1 /∈ Ap(S,n1) and that (c2 − 1)n2 +
n3 = c1n1 /∈ Ap(S,n1) (and clearly (c2 − 1)n2 + n1 /∈ Ap(S,n1)). Hence (c2 − 1)n2 ∈
maxS (Ap(S,n1)). The same stands for (c3 − 1)n3 + (c2 − 2)n2. Now let an2 + bn3,
with a, b ∈ N, be an element of Ap(S,n1). Since c3n3 = (c1 − 1)n1 + n2, we have
that b < c3; and c2n2 = (c3 − 1)n3 + n1 forces a < c2. Finally, the equality c1n1 =
(c2 − 1)n2 + n3 implies that if a = c2 − 1, then b must be zero. This proves that
maxS (Ap(S,n1)) = {(c2 − 1)n2, (c2 − 2)n2 + (c3 − 1)n3}. In view of Lemma 2, in or-
der to prove that S is pseudo-symmetric, it suffices to show that 2((c2 − 1)n2 − n1) =
(c3 −1)n3 + (c2 −2)n2 −n1. This equality holds if and only if (2c2 −2)n2 = (c3 −1)n3 +
(c2 − 2)n2 + n1. As (2c2 − 2)n2 = (c2 − 2)n2 + c2n2 = (c2 − 2)n2 + (c3 − 1)n3 + n1, we
get the desired equality. 
Corollary 11. If S is a pseudo-symmetric numerical semigroup with embedding dimension
three, then its minimal generators are pairwise relatively prime.
Proof. Assume that {n1, n2, n3} is the minimal system of generators of S. As S is a
numerical semigroup gcd({n1, n2, n3}) = 1. By Theorem 10, n3 = c1n1 − (c2 − 1)n2,
and thus gcd({n1, n2}) = gcd({n1, n2, n3}) = 1. The same stands for gcd({n1, n3}) and
gcd({n2, n3}) in view of the rest of equalities appearing in Theorem 10. 
Corollary 12. Let S be a pseudo-symmetric numerical semigroup with embedding dimen-
sion three. Then there exist a, b, c ∈ N \ {0,1} such that
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c(b − 1) + 1, (c − 1)a + 1, b(a − 1) + 1}
is the minimal system of generators of S.
Proof. Let {n1, n2, n3} be the minimal system of generators of S. Since #Ap(S,n1) = n1,
in view of Lemma 7, we deduce that n1 = c3(c2 − 1) + 1. In the same way, we can obtain
that n2 = c1(c3 − 1) + 1 and that n3 = c2(c1 − 1) + 1. 
Corollary 13. If S is a pseudo-symmetric numerical semigroup, then
g(S) = 2(c1 − 1)(c2 − 1)(c3 − 1) − 2.
Proof. In view Lemma 7, g(S) + n1 = (c3 − 1)n3 + (c2 − 2)n2. By Corollary 12,
(c3 − 1)n3 + (c2 − 2)n2 − n1 = (c3 − 1)
(
c2(c1 − 1) + 1
)+ (c2 − 2)(c1(c3 − 1) + 1)
− (c3(c2 − 1) + 1)
= 2(c1 − 1)(c2 − 1)(c3 − 1) − 2. 
Theorem 14. Let a, b, c ∈ N\ {0,1} be such that gcd(c(b−1)+1, (c−1)a+1) = 1. Then
S = 〈c(b − 1) + 1, (c − 1)a + 1, b(a − 1) + 1〉
is a pseudo-symmetric numerical with embedding dimension three and such that
g(S) = 2(a − 1)(b − 1)(c − 1) − 2.
Proof. Let n1 = c(b − 1) + 1, n2 = (c − 1)a + 1 and n3 = b(a − 1) + 1. Since
gcd(n1, n2) = 1, the monoid S is a numerical semigroup. The reader can check that
an1 = (b − 1)n2 + n3, bn2 = (c − 1)n3 + n1 and cn3 = (a − 1)n1 + n2. Observe that
gcd(n1, n2) = gcd(n2, n3) = gcd(n1, n3) = 1. If prove now that c1 = a, c2 = b and
c3 = c, then {n1, n2, n3} is a minimal system of generators of S and by Theorem 10
we are done. Assume that there exists x ∈ N with 0 < x < a and xn1 = yn2 + zn3
for some y, z ∈ N. As n1 = bn2 − (c − 1)n3, we have that xn1 = xbn2 − x(c − 1)n3.
Hence yn2 + zn3 = xbn2 − x(c − 1)n3 and thus (xb − y)n2 = (z + x(c − 1))n3. Since
gcd(n2, n3) = 1, this last equality implies that xb − y = kn3 for some positive integer k
(xb − y = 0, because otherwise z = −x(c − 1), which is impossible). Hence xb  n3 and
consequently (a − 1)b  n3, in contradiction with n3 = (a − 1)b + 1. This proves that
a = c1. Analogously one obtains that c2 = b and c3 = c. 
Theorem 15. Let S be a numerical semigroup with embedding dimension three minimally
generated by {n1, n2, n3}. Then S is pseudo-symmetric if and only if for some rearrange-
ment of {n1, n2, n3},
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(n1 − n2 + n3) +
√
(n1 + n2 + n3)2 − 4(n1n2 + n1n3 + n2n3 − n1n2n3)
2n1
,
(n1 + n2 − n3) +
√
(n1 + n2 + n3)2 − 4(n1n2 + n1n3 + n2n3 − n1n2n3)
2n2
,
(−n1 + n2 + n3) +
√
(n1 + n2 + n3)2 − 4(n1n2 + n1n3 + n2n3 − n1n2n3)
2n3
}
⊂ N.
If this is the case, then
g(S) = −(n1 + n2 + n3) +
√
(n1 + n2 + n3)2 − 4(n1n2 + n1n3 + n2n3 − n1n2n3),
and
c1 = (n1 − n2 + n3) +
√
(n1 + n2 + n3)2 − 4(n1n2 + n1n3 + n2n3 − n1n2n3)
2n1
,
c2 = (n1 + n2 − n3) +
√
(n1 + n2 + n3)2 − 4(n1n2 + n1n3 + n2n3 − n1n2n3)
2n2
,
c3 = (−n1 + n2 + n3) +
√
(n1 + n2 + n3)2 − 4(n1n2 + n1n3 + n2n3 − n1n2n3)
2n3
.
Proof. Consider the system of equations


n1 = c(b − 1) + 1,
n2 = (c − 1)a + 1,
n3 = b(a − 1) + 1,
with unknowns a, b, c. Set
∆ = (n1 + n2 + n3)2 − 4(n1n2 + n1n3 + n2n3 − n1n2n3).
The solutions of the above system are
(a, b, c) =
(
(n1 − n2 + n3) −
√
∆
2n1
,
(n1 + n2 − n3) −
√
∆
2n2
,
(−n1 + n2 + n3) −
√
∆
2n3
)
and
(a, b, c) =
(
(n1 − n2 + n3) +
√
∆
2n1
,
(n1 + n2 − n3) +
√
∆
2n2
,
(−n1 + n2 + n3) +
√
∆
2n3
)
.Observe that
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∆ =
√
(−n1 + n2 + n3)2 + 4(n1 − 1)n2n3 > −n1 + n2 + n3,√
∆ =
√
(n1 − n2 + n3)2 + 4n1(n2 − 1)n3 > n1 − n2 + n3,√
∆ =
√
(n1 + n2 − n3)2 + 4n1n2(n3 − 1) > n1 + n2 − n3.
Hence all these solutions are real numbers and the only positive solution is the second
choice of a, b, c.
Sufficiency. If {a, b, c} are integers, then by Theorem 14 we have that S is pseudo-
symmetric (observe that a, b, c  2, since n1, n2, n3 = 1). The reader can check that the
formula given by g(S) is obtained by applying that g(S) = 2(a − 1)(b − 1)(c − 1) − 2.
Necessity. If S is pseudo-symmetric, then by Corollary 12, the above system of equa-
tions has a nonnegative integer solution. 
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